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Fig.3 Comparisonof the experimental andtheoretical velocity pro� les
for accelerating � ows.

Fig. 4 Comparison of experimental and theoretical velocity pro� les
for decelerating � ows.

measurementsofSingh9 for thecaseof an accelerating� ow, whereas
in Fig. 4 the measurements of Tabatabai and Pollard11 for the de-
celerating � ow are presented. It is clear that, in both cases, the
present solution provides a reasonable approximation. It is also fair
to say that the same degree of approximation to the accelerating
� ow can also be achieved via the � nite differences, primitive vari-
able, solution of Singh.9 The latter method, however, involves the
axisymmetric case of the Navier–Stokes equations and includes the
effects of turbulence via the k– e model.

Conclusions
The Note reported on numerical solutions of converging and di-

verging unidirectional � ows. The solution to the problem was ac-
complished using a shooting method, whereby the governing equa-
tion was written as a system of three nonlinear � rst-orderODEs and
was solvedas an initial value problem via the Runge–Kutta method.
The results of the numerical study are shown to compare well with
the experimental measurements. The present simple method pro-
vided equivalent � ndings with the previously reported analysis that
uses mathematically cumbersome elliptic integrals.
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Introduction

R ECENT studies (see Ref. 1 for a review) subtly suggest that
new physics may be necessary to explain anomalous drag re-

duction and shock propagation in a weakly ionized gas (WIG).
Several2 6 studies conclude that shock waves travel faster in the
WIG (fractional ionization 10 6) than expected from the gas tem-
perature. Other work7 concludes that anomalous dispersion and at-
tenuation effects cannot be explained only with thermal effects.
More recent work (Ref. 8 and references therein) has alternatively
argued that temperature gradients and viscous effects in the dis-
charge can explain the shock dispersion, splitting, and attenuation.
In this Note, we address the issue of shock speeds and argue that
the measured shock speeds are not anomalous. Using standard one-
dimensional and inviscid normal shock wave gasdynamics, we use
the experimental parameters provided in these studies to show that
the observed shock wave speeds are the same as those expected for
the given temperatures.

Description
In these experiments, a steady WIG discharge is produced in

a localized region of a low-pressure tube, in which the pressures
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of the hotter WIG and the surrounding colder neutral gas, that is,
un-ionized, are equal. The spark-initiated shocks are formed in the
neutral gas and allowed to propagate into the WIG. In some of
these studies,2,7 the interface between the neutral gas and the WIG
is assumed to be a contact surface, that is, tangential discontinuity,
to analyze the problem. Thus, we � rst predict WIG shock speeds,
assuming that the interface is a contact surface. In this case, the in-
terface re� ects part of the incident shock energy into the neutral gas,
and the energy of the shock transmitted into the WIG is reduced,
relative to the incident shock energy. However, for a steady dis-
charge in a constant-pressurecell, an alternativeassumption for the
WIG–neutral interface is a continuoustransition that extends over a
� nite distance along the tube axis. In this case, the re� ected wave is
negligible, and the shock energy transmitted into the WIG is equal
to the incident shock energy. We also predict WIG shock speeds
using this second model. Finally, we show that measurements from
these studies2 7 support our assumption that the shock energy in the
WIG, D Q p , is about the same as the incident shock energy in the
neutral gas, D Q0 .

Results
We � rst review the results of Refs. 2–5 and 7. Reference 6 is

not included because it does not give the temperature of the WIG.
Reference 4 gives temperaturesand shock speeds for two locations;
we use the on-axis x 0 data. Table 1 summarizes the data for
the neutral gas. Subscript 0 denotes neutral-gas values in front of
the shock, whereas subscript 1 denotes neutral-gas values behind
the shock. The reported gas temperature T0 and shock speed V0 are
used to calculate the speed of sound S0 and the Mach number M0

of the shock wave. References 3 and 7 explicitly give T0 293 and
300 K, respectively; the other references imply room temperature.
We arbitrarily use 293 K for Refs. 2, 4, and 5. Using M0, we ob-
tain the temperature (T1 / T0) and density (q 1 / q 0) jumps across the
shock from standard treatments of inviscid, one-dimensional, nor-
mal shockanalysis.If c is the ratioof speci� c heats, these jumpsare9

q 1 / q 0 M2
0 ( c 1) M 2

0 ( c 1) 2

T1 / T0 M2
0 ( c 1) 2 2c M2

0 ( c 1) [M0( c 1)]2

The energy density D Q that created the shock wave is the same
as the difference in the total (internal plus kinetic) energy density,
before and after the shock. From the Rankine–Hugoniot relations,
one can show that the difference in total energy per unit volume is
proportional to q D T . Thus, D Q0 q 0(T1 T0). In the last row of
Table 1, we have tabulated this estimate of the energy necessary to
sustain the shock in the neutral gas. This energy is in degreesKelvin
times the initial density q 0 in front of the shock.

Table 2 summarizes the measured shock speeds Vp in the WIG,
which are supposedly too large for the given temperatures Tp . For

Table 1 Measured shock wave speeds V0 and related
parameters in neutral gases

Reference

Parameter 2 3 4 5 7

Gas Air Air Argon Air Air
T0, K 293 293 293 293 300
S0, m/s 343 343 319 343 347
V0 , m/s 700 416 523 650 515
M0 2.04 1.21 1.64 1.9 1.48
D Q0, K q 0 211q 0 38q 0 190q 0 179q 0 93q 0

Table 2 Measured shock wave speeds Vp and related
parameters in WIG

Reference

Parameter 2 3 4 5 7

Tp , K 2000 1250 1050 1000 543
Sp , m/s 896 708 604 634 467
Vp , m/s 1900 850 886 1250 653
Mp 2.12 1.20 1.47 1.97 1.4
D Q p , (K q 0) 231q 0 38q 0 135q 0 193q 0 78q 0

Ref. 7, we use the 50-mA data. Subscript p denotes values in the
plasma in front of the shock wave, whereas subscript 2 denotes val-
ues in the plasma behind the shock.We use Tp to calculate the sound
speed Sp and Mach number Mp of the shock in the discharge.Again,
the normal shock relationsare used to calculate the temperatureand
density jumps across the shock. In the last row, D Q p q p(T2 Tp)
is used to list the energy to sustain the shock in the WIG plasma.

Using two different models of the neutral–WIG interface to pre-
dict the WIG shock speed, we now argue that the measured WIG
shockvelocitiesof Table 2 are aboutwhat we expect for the reported
temperatures Tp . Both models assume that pressure, speci� c heat,
and c do not vary from the WIG to the neutral gas and that viscosity
and heat conduction are negligible. Additionally, a steady shock is
assumed in both models.

In the � rst model, we assume that the interface between the cold
neutral gas and the hot plasma is abrupt, that is, a contact surface.
This problemis well known.9 Pressureand gas velocity are constant
over the interface, whereas temperature and density are discontin-
uous. A fraction of the incident shock energy is transmitted as a
weaker shock into the WIG, while the remaining energy is re� ected
into the neutral gas as a rarefaction wave. The amount of energy
transmitteddepends on the magnitude of the density decrease at the
interface. The Mach number MR of the transmitted shock is given
by10

M0 1 1 M2
0 M0( c 1) 1 2 c M2

0 ( c 1)

( c 1)M 2
0 2

1
2 1 2c M2

R ( c 1) 2 c M2
0

( c 1)
( c 1)/ 2c

MR (Tp / T0 )
1
2 1 1 M 2

R

The Mach number MR and shock velocity VR (given in Table 3) are
calculated by using M0 , T0 , and Tp from Tables 1 and 2. Subscript
R denotes predicted values using this re� ected rarefaction wave
model. The fractional differences (VR Vp )/ Vp vary from 0.3 to

30% and are shown in Table 4. We believe these differences in-
dicate reasonableagreement consideringthe uncertaintiesexpected
in the shock speed and WIG temperature measurements, as well as
the pulse-to-pulse � uctuations in the electrical discharge energy of
the shock-forming spark.

In the second model for predicting the shock speeds in the WIG,
we assumean interfacebetween thehot andcoldgases that is smooth
and extends over a � nite distance along the tube axis. Again, pres-
sure and gas velocity are constantover the interface,but temperature
and density change in a continuousmanner. In this case, there is no
re� ectedwave. Thus, D Q0 of the shock in the neutralgas is the same
as D Q p of the shock in the discharge. With the ideal gas law and
the normal shock relations, one can show that the Mach numbers
are equal. Thus, we explicitly equate the WIG Mach number to the
neutral-gas Mach number and use subscript N to denote predicted
shock values in the discharge under this condition.Thus, MN M0,

Table 3 Summary of our predictions VR with a re� ected
rarefaction wave, our predictions VN with no re� ected

wave, predictions Vx from original works, and
measurements from the original works Vp

Reference

Parameter 2 3 4 5 7

VR , m/s 1328 804 856 1005 655
VN , m/s 1828 857 991 1205 691
Vx , m/s 1350 ——a 590 900 653
Vp , m/s 1900 850 886 1250 653

aNot quoted in original work.

Table 4 Comparison of velocities and shock energies

Reference

Parameter 2 3 4 5 7

(VR Vp )/ Vp 0.30 0.05 0.03 0.20 0.003
(Vn Vp )/ Vn 0.04 0.008 0.11 0.04 0.06
( D Q0 D Q p )/ D Q0 0.09 0 0.29 0.08 0.16
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that is, D Q N D Q0. We then use the temperature Tp and sound
speed Sp from Table 2 to calculate the expected no-re� ection shock
wave velocity VN , with VN MN Sp MN (Tp )1/2 . For this model,
the overall agreement with measurement is noticeably better than
for the � rst model. Comparing the predicted VN in Table 3 to the ob-
served Vp , we see in Table 4 differences that vary from 0.8 to 12%.
We consider this agreement excellent, considering the expected er-
rors in the measurements.

It is not surprising that the second model (no re� ection) gives
such good agreement with the measurements. After comparing the
shocks in the neutral gas of Table 1 and the WIG of Table 2, the
fractional differences (D Q0 D Q p )/ D Q0 are listed in Table 4.
These differencesare modest, being within the expected uncertain-
ties mentioned earlier. Therefore, the data from the original studies
show that D Q0 D Q p . By exactly equating these energies in the
second model, we are making only small changes to the experimen-
tal D Q p that are already nearly equal.

The measurements Vp and the predictions Vx from the original
studies, along with our two predictions (VR and VN ), are summa-
rized in Table 3. Our two models roughly agree with each other
because the re� ected wave of the � rst model is small for the tem-
peratures Tp of Table 2. The relatively low Tp of Ref. 7 yields the
smallest re� ected wave, and so VR and VN differ the least, that is,
5%. The relatively high Tp for Ref. 2 produces the largest re� ected
wave, so that VR and VN differ the most, that is, 27%. In general, our
two predictions (especially the no-re� ection model) agree with the
data Vp better than the original predictions Vx . The largest discrep-
ancies between measurement and our predictions are 30 and 20%
and occur for Vp and VR of Refs. 2 and 5, but even these largest
discrepancies are still within the uncertainty limits that we expect
for the temperature measurements. The observed shock speeds are
not signi� cantly different from those calculated with the tempera-
ture of the WIG, using either model. Thus, we disagree with Refs.
2–6, which conclude that the measured shock speeds are too large
compared to the predicted speeds based on thermal considerations.
The goodagreementbetweenmeasurementand prediction,reported
in Ref. 7, is consistent with our assertion that the shock speeds are
not anomalous in a WIG.

Summary
In summary, using one-dimensional and inviscid gasdynamics,

we conclude that the observed shock wave speeds agree with those
expectedfrom thermalheating.Additionally,Refs. 2–7 contain little
discussionof the uncertaintiesfor the shockwave speed and temper-
ature measurements. It is important to determine the measurement
uncertainties,includingspatial and temporal inhomogeneitiesin the

temperature of the WIG, before forming conclusions of anoma-
lous shock effects. Finally, other reported WIG effects last for
milliseconds11 after the discharge is extinguished. Our estimated
decay time to cool the WIG by thermaldiffusion is also on the order
of milliseconds.These similar times further suggest that the effects
are thermal rather than plasma related. Based on the results of this
Note and Refs. 8 and 11, we conclude that the observations2 7 of
shockwave speedsanddispersioncanbe explainedwith well-known
� uid mechanics, the given gas temperature, temperature gradients,
and viscosity.
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